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The bifurcation behaviors of a parametrically excited solitary wave are investigated via Faraday’s water tank
experiment. It is observed that, as the driving frequency fd is decreased or/and the driving amplitude Ad is
increased, the standing �but vertically oscillatory� solitary wave becomes modulationally unstable, leading to
the temporal modulation of the vertical oscillation and the emergence of very low subharomic components on
the frequency spectrum. Further lowering fd or/and increasing Ad will cause the modulational oscillation
unstable and then, the peak of the solitary wave becomes rocking along the trough in the longitudinal direction.
These bifurcations also give rise to the emission of continuous waves resulting in complex wave patterns and
complicated fluctuations, especially for the quite low fd and large Ad. A possible route from solitary waves to
chaos via bifurcations and mode competitions is therefore suggested on the basis of these observations.
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Solitons �or solitary waves� and chaos seem to be the
opposite extremities in the rich spectrum of nonlinear phe-
nomena. On one side, solitons appear as temporally regular
and spatially coherent localized wave objects. On the other
side, chaos exhibits stochasticity in deterministic nonlinear
systems, or even turbulent behaviors in spatially extended
systems. Partly owing to the fundamental differences, the
studies of the two classes of nonlinear phenomena have usu-
ally been pursued along quite different approaches. However,
there have been found numerous examples �1–3� in real
physical systems where both solitonic and chaotic phenom-
ena can be supported by changing physical conditions or
varying system parameters. It is now known that solitons
may exhibit bifurcation and even chaotic behaviors by intro-
ducing additional physical effects �e.g., dissipation and driv-
ing� into integrable systems, such as those found in the per-
turbed Korteweg de Vries �KdV� �4,5�, the damped driven
sine-Gordon �6–8�, and the driven nonlinear Schrödinger
�NLS� �9–11� systems. Thus there arises the problem of how
to establish the link between the seemingly utterly different
nonlinear phenomena, in particular, the routes of dynamical
transition from one to the other �1,7,10–14� in the spatially
extended systems. This work is an attempt to step towards
the general understanding of the nonlinear dynamics of soli-
tons.

We explore the problem by experimentally investigating
the dynamical behaviors of the parametrically excited soliton
�3,15� which can be easily realized and controlled in Fara-
day’s water wave resonator. Not only in the Faraday experi-
ment but also in a variety of physical systems �14� have the
parametrically resonant wave phenomena been found. By as-
suming weak damping and driving and incorporating cubic
nonlinearity, parametrically excited waves can usually be de-
scribed by the simplified model, i.e., the parametrically
driven nonlinear Schrödinger �PDNLS� equation

i��� + ��� + �XX + �� + 2���2� + ��* = 0, �1�

where the asterisk “*” denotes the complex conjugate, � is
the frequency detuning or normalized driving frequency, and
� is the dimensionless driving strength. This equation admits
a standing soliton �16� which can be observed in the oscil-
lating water trough �15�.

Early experimental observation �17� has already demon-
strated that the standing soliton can be sustainable only if the
driving parameters, ��, �� in Eq. �1�, fall into what was
called the “stability region.” For details, readers are referred
to our previous work �17�. Theoretical analysis of Eq. �1�
verified the existence of the parameter region �18,19�. Fur-
ther investigations provided the evidence for the bifurcation
and the possible onset of chaos �20–22�. The numerical
simulations of Eq. �1� also showed the possibility of the
period-doubling and quasiperiodic transitions to chaos in the
neighborhood of the stable region �14,23�. However, the
problem still remains unclear or ambiguous as to the general
scenario of the bifurcation from the orderly standing local-
ized wave state to complex motions, and a systematic experi-
mental survey is required to supply a clear physical picture
about the nonlinear dynamics of the solitons, especially the
spatiotemporal bifurcation behaviors of the solitary waves
and the possible transition to chaos.

We perform the experiment in a vertically vibrating long
trough of length L=20 cm and width W=2.5 cm, filled with
static water of depth d=2.0 cm. To reduce the surface ten-
sion effect, a small amount of saponin is added to the pure
water. In what follows we always assume that the reference
frame is fixed to the vibrating trough and is so set that the
fluid at rest occupies the rectangular region −L /2�x�L /2,
0�y�W, and −d�z�0. The vertical vibration of the con-
tainer takes the simple harmonic form

z0 = Adcos�4	fdt� . �2�

The driving frequency, fd=
d / �2	�, and amplitude Ad of the
vibration relate to the dimensionless ones, � and � in Eq. �1�,
as �3�
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respectively, with 
01 being the linear angular eigenfre-
quency of the first transverse mode of the water resonator,
and g the gravitational acceleration. For this configuration,
the stability region of the soliton on the �fd, Ad� plane was
given in �17�, and replotted in Fig. 1, where the vertical line
labeled by f01 denotes the linear cutoff frequency f01 of the
first transverse surface-wave mode �0,1�.

Taking �fd, Ad� as the bifurcation parameters and varying
them on the �fd, Ad� plane as indicated by the arrows in Fig.
1, we can investigate the dynamics of the solitons. The sur-
face response is detected by a pair of �closely separated�
parallel electrodes vertically dipping into water.

When the driving frequency fd is close to f01 and the
driving amplitude Ad is quite small, i.e., �fd, Ad� is located on
the lower right part of the stability region such as the “�”
point in Fig. 1, the created soliton appears as a standing
localized wave envelope along the trough, sloshing trans-
versely exactly at Faraday’s frequency fd. Hence the fast
Fourier transform �FFT� spectrum of the surface response,
namely, at the peak of the wave envelope near one side wall
of the trough, consists of the fundamental fd component and
its superharmonics as well. As already reported �21�, by re-
ducing fd and �or� increasing Ad, as indicated by the arrowed
lines in Fig. 1, there occurs the slow modulation of the
solitary-wave oscillation, as is shown in Fig. 2�a�. As a re-
sult, a very low subharmonic component f t emerges in the
spectrum of the surface response, as is shown in Fig. 2�b�.
The subharmonic frequency f t being read from Fig. 2�b� is
about 0.295 Hz, which is much lower than the fundamental
one, fd=4.985 Hz, the Faraday frequency. Even so, the lo-
calized wave still holds a perfect solitary shape. Since the
surface response along the trough is synchronized �in phase�,
we call the phenomenon the temporal bifurcation. It is rec-
ognized as the Hopf bifurcation due to the modulational in-
stability �MI�. The modulation is found to vary with the driv-
ing parameters �fd, Ad�. As �fd, Ad� moves to the upper left on

the �fd, Ad� plane, i.e., fd is decreased or/and Ad is increased,
the amplitude of the spectral line increases, while the sub-
harmonic frequency f t increases as fd or/and Ad is increased
�we will elaborate the dependence of f t on the driving pa-
rameters with more details later and in Fig. 6�.

When fd is lowered or �and� Ad is increased to certain
threshold values, we observe the breaking of the spatial sym-

FIG. 1. Stablility region �inside the closed curve consisting of
the line-connected bold dots� in the driving parameter �fd,Ad� space.
The bold dots are the measured data of the boundary points of the
stability region.

FIG. 2. The temporal modulation of soliton: �a� the time re-
sponse � detected by the electrodes and �b� its power spectrum. The
response signal is detected at the peak of a solitary-wave envelope
and near one width side wall of the trough for fd=4.985 Hz and
Ad=0.630 mm, i.e., the parameter point “�” in Fig. 1.

FIG. 3. Schematic plot of the peak rocking at different times in
a wobbling period �t1→ t5→ t1�, that is, the solitary-wave peak
turns right �t1→ t2→ t3→ t4→ t5� and left �t5→ t4→ t3→ t2→ t1� al-
ternatively in the x direction.

ZHANG, WANG, AND TAO PHYSICAL REVIEW E 75, 036602 �2007�

036602-2



metry of the localized wave structure, and the solitary-wave
begins rocking or “shaking its head” along the trough, that is,
the solitary-wave peak turns left and right alternatively in the
x direction. Figure 3 describes the rocking phenomenon
schematically, and Fig. 4 presents the pictures taken when
the wave peak turns left and right, respectively, for the three
sets of driving parameters, �fd, Ad�, labeled as the “�” points
in Fig. 1. The symmetry breaking changes the spatial sym-

FIG. 4. The photos of the wave peak turning left and right, for
�fd, Ad� corresponding to the three “�” points in Fig. 1,
respectively.

FIG. 5. The FFT power spectrum of the rocking soliton for
fd=4.950 Hz and Ad=0.92 mm. The inset is the magnified portion
in the lower frequency range from 0 to 1.6 Hz.

FIG. 6. The subharmonic amplitude A �a� and frequency �b� vs
the forcing amplitude Ad at the fixed fd=4.950 Hz, and �c� is the
subharmonic frequency vs the forcing frequency fd at the fixed
Ad=0.80 mm. The filled and empty circles are the experimental
data for the f t and 2f t, and the filled and empty squares are those for
fs and 2fs.
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metry of the solitary wave, leading to the spatial bifurcation
that is distinct from the temporal �Hopf� bifurcation de-
scribed above. The rocking frequency, denoted by fs, is mea-
sured to be much lower than the Faraday frequency fd, but
slightly larger than f t. As a result, in the FFT spectrum, there
emerges another subharmonic component at fs, in addition to
the MI-induced subharmonic f t. Figure 5 shows the spectral
structure for fd=4.950 Hz and Ad=0.92 mm �i.e., the “�”
parameter point in Fig. 1� at which the peak rocking just
initiates. From the figure, we read that fs=0.570 Hz and f t
=0.375 Hz. We find that the coexistence of both f t and fs
subharmonic components does not last as �fd, Ad� further
moves to upper left on the �fd, Ad� plane. With the continuing
lowering of fd or/and increasing of Ad, the level of the f t
spectral line declines rapidly, and at the same time, the peak
rocking becomes so strong that the solitary-wave form be-
comes multiple-valued when the peak turns either left or
right, as already indicated in Fig. 4�b�. At certain �fd, Ad�, the
MI-induced subharmonic f t is completely depressed, and the
fs component dominates the low-frequency motions.

The variations of the subharmonic spectral components
with the driving parameters are measured and plotted in Fig.
6. Figure 6�a� shows how the heights of the spectral lines, f t
and fs �and their superharmonics�, depend on the driving
amplitude Ad at the fixed frequency fd=4.950 Hz. The filled
and empty circles in the figure are the experimental data,
respectively, for f t and 2f t, and the filled and empty squares
are those for fs and 2fs. It can be seen that the strength of the
temporal modulation �the f t component� grows rapidly for
Ad�0.70 mm, and then almost keeps constant for 0.7�Ad
�0.8 mm. For Ad0.8 mm, the amplitude of the f t line de-
clines rapidly, signaling the onset of the spatial bifurcation
and the transition to the rocking motion. At Ad�0.9 mm, the
peak rocking becomes quite visible, and the amplitude of the

fs line grows rapidly for Ad greater than 0.9 mm. In Fig. 6�c�,
the values of both f t and fs subharmonics are plotted against
the driving frequency fd at the fixed Ad=0.80 mm. It seems
from the measured data that both subharmonic frequencies
are continuous functions of Ad and fd, implying that both f t
and fs are incommeasurable to fd and the corresponding
wave motions are quasiperiodic.

We also observe that even the temporal modulation can
cause the emission of continuous waves of very small ampli-
tude from the localized site, forming the symmetrical wave
tails on both sides of the solitary wave. In the rocking state,
the tails of continuous waves are remarkably enhanced and
unlike the temporal modulation, they become asymmetric on
both sides. The traveling continuous waves will reflect on
both ends of the trough, resulting in a much more complex
wave pattern. At a very low fd and large Ad, the rocking
motion becomes so strong that the amplitude of the continu-
ous waves is comparable to that of the solitary wave, and the
solitary wave seems almost submerged by the continuous
waves, as is shown in Fig. 7�a�.

To better understand the wave dynamics, we now detect
the surface response of continuous waves by placing the
measuring electrodes in the middle of one of the end walls,

FIG. 7. �a� Emission of continuous wave tails when the solitary
wave is in strong rocking state �fd=4.840 Hz and Ad=0.96 mm,
i.e., the “+” point in Fig. 1�. �b� The excitation of longitudinal
modes as the solitary waves losing stability �fd=4.790 Hz and
Ad=0.96 mm, i.e., the “*” point in Fig. 1�. �The left and right
pictures in �a� and �b� are taken at different times�.

FIG. 8. The FFT power spectrum of the surface response de-
tected at in the middle of one end wall �x=10 cm, y=1.25 cm�,
where fs=0.44 Hz. The driving parameters are the same as in Figs.
7�a� and 7�b�, respectively.

ZHANG, WANG, AND TAO PHYSICAL REVIEW E 75, 036602 �2007�

036602-4



namely, �x ,y�= �L /2 ,W /2�= �10,1.25� cm, which is one of
the wave nodes of the �0,1� transverse mode. Undoubtedly,
at this position the main spectral component at f = fd should
vanish. We find that the 2fs spectral component becomes
much stronger than the fs component at the measuring posi-
tion, and it grows as the rocking motion becomes strong by
lowering fd and increasing Ad. In the strong rocking state, the
fast fourier transform �FFT� power spectrum, as is shown in
Fig. 8�a�, has an enhanced thick noise background, and this
means the complicated temporal fluctuations.

Such a complicated and composite wave motion will fi-
nally lose its stability and the solitary wave is completely
destroyed as soon as �fd, Ad� moves out of the stability re-
gion on the �fd, Ad� plane by lowering fd or �and� increasing
Ad. Then the longitudinal surface-wave modes are resonantly
excited, as is shown in Fig. 7�b�, and the dominant mode is
the �6,0� mode for its linear natural frequency,

f60 =
1

2	
�g

6	

L
tanh

6	d

L
� 4.727 Hz, �4�

approximates the driving frequency fd=4.790 Hz. Compar-
ing Fig. 7�a� with Fig. 7�b�, the longitudinal distribution of
the �6,0� mode’s antinodes and nodes almost coincide with
that of the continuous waves in the rocking state. This uni-
formity implies that the rocking motion leads to the resonant
excitation of the longitudinal surface-wave mode whose lin-
ear natural frequency is close to fd. Besides, the FFT spec-
trum of the longitudinal modes, as is shown in Fig. 8�b�, is
rich in subharmonics. The lowerest one is the peak located at
f �1.0 Hz. It approximates the linear eigenfrequency f10 of
the first longitudinal mode �1,0�, f10�1.089 Hz, showing
the resonant excitation of the �1,0� mode, a slowly sloshing
motion along the trough. Therefore the longitudinal wave is
mainly composed of the �1,0� and �6,0� modes. As is seen
in Fig. 8�b�, it also exhibits a certain complexity in dynamics
due to the multimode interactions and competitions.

In an earlier investigation �22�, the rocking motion was
once observed in a double-soliton state �which was named
“top oscillation” there�. It was attributed to the competition
between the �0,1� mode solitary waves and some longitudinal
modes. However, according to the present experiment, there
is no evidence for the longitudinal modes being excited
while the solitary wave first becomes rocking. On the con-
trary, it is the rocking motion of the soliton that irritates the
longitudinal modes including the �1,0� mode and then gives
rise to the resonant excitation of longitudinal waves. There-

fore we ascertain that the spatial bifurcation, together with
the temporal �Hopf� bifurcation, should be the dynamic be-
havior intrinsic to the soliton.

The resonant excitation of the longitudinal waves pre-
vents us from further exploring the complex dynamics of the
solitary wave in experiment, and we are not sure whether the
soliton-bearing transverse wave motion would finally exhibit
spatiotemporal chaos or not. However, it is quite certain that,
with the decrease of fd or/and the increase of Ad, the solitary-
wave motion undergoes a dynamic process from simplicity
to complexity, i.e., at first the oscillatory soliton loses its
stability and becomes slowly modulated �the temporal bifur-
cation�, then goes through the rocking motion �the spatial
bifurcation�, and finally, exhibits a complex wave pattern by
the enhancement of continuous waves. We therefore conjec-
ture that this might be the particular route from solitary
waves to chaos via the internal bifurcations, which was not
observed in the previous studies.

In conclusion, we have investigated the spatiotemporal
bifurcation behaviors of solitary waves based on Faraday’s
experiment. In the experiment, the dynamics of the standing
solitary wave is observed by varying the bifurcation param-
eters, i.e., the driving parameters �fd,Ad�, from the lower
right to the upper left on the �fd,Ad� plane. Based on the
PDNLS equation �1�, the temporal bifurcation induced by
modulational instability was studied, both numerically and
analytically, by several authors �11,14,23�, and their results
are in qualitative agreement with our experimental observa-
tion. The rocking phenomenon of a solitary wave is recog-
nized as the spatial bifurcation also intrinsic to the soliton
but completely distinct from the temporal bifurcation. In the
present work we have made the attempt to numerically simu-
late the interesting phenomenon with Eq. �1�, but no encour-
aging result has been achieved so far, and it seems question-
able to numerically reproduce this interesting phenomenon
from such an oversimplified mathematical model derived un-
der the assumptions of weak nonlinearity, weak dispersion,
and linear damping �16�. We believe that a more advanced
mathematical model that incorporates higher-order physical
effects �such as higher order nonlinearity than the cubic one�
is needed to fully describe the highly nonlinear phenomenon.
This interesting work is underway.
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